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ABSTRACT 


Let  A  be  a  second  order  elliptic  operator  in  divergence  form.  For  every 
A  >  0,  let  be  the  unique  solution  of 


1  in 

on  90 


N 

(0  denotes  a  domain  in  ]R  of  finite  measure) .  It  follows  from  the  maximum 
principle  that  £  y  and  from  the  strong  maximum  principle  that  u^  <  We 
provide  an  explicit  bound  from  below  for  ^ 
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AN  ESTimTE  RELATED  TO  THE  STRONG  MAXIMUM  PRINCIPLE 


Halm  Brezis  and  Pierrc-Louls  Lions 


N  I  I 

Let  S2  ^  R  (N  >  1)  be  ein  open  set  with  finite  measure  |fi|.  Let  A  be  a  second 

order  elliptic  operator  in  divergence  form 


1 ,  J  j  1  i  i 


with  a.  . ,  b.  ,  c  €  L  (S^) ,  c  >  0  a.e .  on 
13  1  - 


I  a  (x)t.5  1 
1.3 


'>151 


VC  «  K  ,  a.e.  X  f  U,  \>  >  0  . 


Set 


9 

'i  L  •> 


For  every  A  >  0,  let  L  (n)  be  the  unique  solution  of 


(1) 


AUj^  +  AUj^  =  1  in 


(The  existence  and  uniqueness  of  u^^  follows  from  Theorem  8.3  in  [2]  when  n  is 
bounded;  for  unbounded  domains  see  [4) .  Note  that  A  is  not  necessarily  coercive, 
and  one  can  not  use  Lax-Milgram' s  theorem) .  It  follows  from  the  maximum  principle 
that  Uj^  in  fact  the  strong  maximum  principle  leads  to  u^^  <  y.  Our  purpose 


is  to  provide  an  e;q)licit  bound  from  below  for  |uj^  -  yl  in  terms  of  X,  v,  M,  |ri| 
and  N. 

Me  thanlt  Prof.  H.  Weinberger  for  drawing  our  attention  to  the  paper  [1]. 

He  start  with  an  easy  estimate  for  u^ . 

Proposition  1.  We  have 


1  I  ■» 

u^(x)  °  ll^l-e 


where  u^  f  ^  ^  “"i*?**  solution  of 


(2) 


AUq  =  1  . 
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Proof.  Set  v(x)  =  -r  1 


-Xu^(x) 


!  SO  that  V  e  ^  L  (fi)  (since  ^  0  by 


Theorem  8.1  in  [2)).  It  is  easy  to  verify  that 

Av  +  Xv  ^  1  in  n  . 

Thus 

A(Uj^  -  v)  +  X(u^  -  v)  ^  0  in  SI 
and  consequently  ^  v  in  S2. 

Vte  now  provide  a  bound  for  l|u  || 

Proposition  2.  Let  be  the  solution  of  (2).  We  have 


|S2|2/N 

“O  -  “  V  ^ 


N  [  V  J 


where,  for  each  N,  if,,  is  a  continuous  function  on  R  . 

N  + 

we  find 


In  particular  when  b^  =  0 


S2 


2/N 


u  <  c  - 
0  -  N  u 

when  c^  is  a  constant  which  depends  only  on  N. 

Remark.  Ccsnbining  Propositions  1  and  2  when  A  =  -A  we  find  that 


sup  u.  _<  -  |1 

n  ^ 

A  sharper  estimate  has  been  obtained  in  this  case  by  C.  Bandle  ([1],  Theorem  1.1)  using 
symraetrization  techniques.  For  example,  if  N  =  3  she  finds 


sup  i  X  - 


sinh  X  R 


where  j  nR  =  IsjIj  such  an  estimate  is  optimal  (equality  holds  when  SJ  is  a  ball). 
Proof  of  Proposition  2.  Me  start  with  the  case  where  b^  5  0  and  we  use  a  technique 
of  Hartman-Stanpacchia  [3).  Multiplying  (2)  by  (u^  -  t)'*’  with  t  ^0  leads  to 


(3) 

Set 


V  /  |7(Ug  -  t)"^!  <  /  (Up  -  t)"^  . 


<i(t)  -  measfx  e  (1;  Ug  (x)  >  t )  . 


-2- 


In  what  follows  we  denote  by  c  various  constants  depending  only  on  N.  We  claim  that 


(4) 


L  L 


Indeed  recall  an  inequality  of  Nirenberg  [5) 


(5) 


kll  VvJ  e  Hp(Sl)  with  bounded  support. 

L  Ij 


From  (5)  we  deduce  that 
(6) 


■^11  1  1  f,/N-l  |supp  ^  1^^”  <  c||V(^  II  ^  |Supp 
L  L  L 


1/N 


c||Vv>||  2  |Suppv> 


I  (N+2)/2N 


Multiplying  by  cut-off  functions  we  see  easily  that  (6)  holds  for  every  ^  f 
In  particular  if  we  choose  =  (u^  -  t)*  we  deduce  from  (3)  that 

\'ll  (Uq  ■  *^>^11  1  1  ca(t)^'^^'^“  . 

But 


00 

1  (>10  -  t)"*’!!  ^  =  /  a(s)ds  =  Blti 


L  t 


and  therefore  we  obtain 


(7) 


Integrating  (7)  on  the  interval  (0,  ||u  ||  J  leads  to 

°  L 

p/,m2/N+2  ^  N/N+2||  It 

-6(0)  +  cv  llUgll  „  £  0 


N/N+2||  II  ,  II  ||2/N+2 

lluoll  »  -  1 

L  L 


We  conclude  using  the  fact  that  llu^H  ±  I^II|uq|| 

L  L 


-3- 


proof  of  Proposition  2  in  the  general  case 


Step  1.  Suppose  first  we  have  an  estimate  of  the  form  llu„ll  ^  < '^  (M)  when  I'i]  =  'J 

L> 

The  conclusion  of  Proposition  2  for  the  case  Isj]  ^1,  v  1  follows  from  a  simple 
homogeneity  argument.  Therefore  we  may  assume  from  now  on  that,  for  example,  M  =  1 
and  V  =  1. 

Step  2.  Vte  shall  prove  the  following: 

X 

Lemma  3.  Let  u  e  (fl)  L  W)  be  the  solution  of 


(8)  Au  +  u  =  1  . 

Then  Hull  k  for  some  constant  k  <  1  which  depends  only  on  |q1  and  N. 
l“ 

Proof  of  Lemma  3.  Multiplying  (8)  by  (u  -  t)  ,  0  ^  t  1  we  find 
2 

/  lv(u-  t)'*’  +  /  u(u-  t)^^J  (u-  t)'*’  +  I  |7(u-  t)*l(u-  t)* 

and  consequently 

1  +2 

j  /  |7(u  -  t)  I  <  (1  -  t)  /  (u  -  t)  . 

As  in  the  case  where  b^^  =  0  we  derive  that 

II  (u  -  t)^|l  ,  <_c(l  -  t)a(t)^^^^^  . 

L 


But 


II  (u  -  t)"^!!  ,  =  /  a(s)ds  5  S(t> 
L  t 


1. 


and  therefore 
(9) 


gM/N+2  _  ^jN/N+2 


<  0 


Integrating  (9)  on  the  interval  (t,k)  where  k  =  ||u|l  we  obtain 

l" 


(10) 


(1) 


On  the  other  hand  if  we  multiply  (8)  by 


*^^Such  a  test  function  was  introduced  by  Trudinger  (it  is  used  for  example  in  the  proof 
of  Theorem  8.1  in  (2]);  to  make  the  argument  rigorous  we  should  multiply  by 

z — -  and  let  e  -♦  0. 

1  +  e  -  u 


-4- 


-5- 
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